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We derive the chiral effective Lagrangian for heavy-light mesons in the heavy quark limit from
QCD under proper approximations. The low energy constants in effective Lagrangian are expressed
in terms of light quark self-energy. With typical forms of the quark self-energy and running coupling
constants of QCD obtained from Dyson-Schwinger equation and lattice QCD, we estimate the low
energy constants in the model and the strong decay widths. A comparison with data and some
discussions of the numerical results are presented.
I. INTRODUCTION
It is widely accepted that the dynamics of strong inter-
action at a large distance can be well captured by effective
theories which are controlled by certain symmetries and
symmetry breaking, for example chiral symmetry break-
ing, of the fundamental theory of strong interaction —
QCD (see, e.g., Ref. [1]). Little progress has been made
to establish a direct relation between QCD and effective
theory in an analytic way although such a relation is
very significant since, to our opinion, almost all the puz-
zles and problems in hadron dynamics in both matter
free space and in-medium can be attributed to our less
knowledge about nonperturbative QCD.
In Ref. [2], the authors derived a relation between
QCD and chiral perturbation theory (ChPT) including
the Nambu-Goldstone bosons, pions, only [3–5]. The
derivation is based on the standard generating functional
of QCD with external bilinear light-quark field sources in
the path integral formalism so that, the coefficients in the
chiral Lagrangian can be derived from QCD Green func-
tions. Thanks to the developments of Dyson-Schwinger
equation (DSE) and lattice QCD methods, although an
exact calculation of the nonperturbative QCD Green
functions is not feasible so far, this derivation provides a
possibility to calculation ChPT from QCD — the funda-
mental theory of strong interaction [6–10]. The extension
of this approach to include other light mesons are also in-
vestigated in the literature [11–13].
The purpose of this work is to establish a relation
between fundamental QCD and chiral effective theory
for heavy-light mesons [14] in the widely accepted heavy
quark limit, although the extension to include the 1/M
correction — with M being the heavy quark mass — is
straightforward. Since in the heavy-light meson, there
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is a heavy quark and a light quark, its dynamics is con-
trolled by both the heavy quark symmetry [15] and chiral
symmetry (see Ref. [16] for a systematic discussion). This
system is a good environment for studying the mecha-
nism of chiral symmetry breaking since it contains only
one light quark.
In addition to the lowest-lying heavy quark doublet H
with quantum numbers JP = (0−, 1−), we introduce the
first orbital excitation states, the heavy quark G doublet
with quantum numbers JP = (0+, 1+) (both H and G
doublets will be specified latter) to our system. Since
in these H and G doublets, the light quark clouds have
quantum numbers jP = (1/2)+ and jP = (1/2)−, respec-
tively, they are regarded as chiral partners to each other
and their mass splitting arises from the chiral symme-
try breaking due to the quark condensation in the chiral
doublet model [17, 18]. We explore the quark condensate
dependence of the mass splitting between the H and G
doublets in the present approach from fundamental QCD.
We express the low energy constants (LECs) in the ef-
fective theory, for example the heavy-light meson mass,
the coupling constant between the heavy-light meson and
pion, in terms of the light quark self-energy (with the
heavy quark mass rotated away) therefore become calcu-
lable from fundamental QCD. By used the light-quark
self-energy calculated from truncated DSE and lattice
QCD, we calculate these LECs as functions of quark
condensate. Both the mass spectrum of the heavy-light
mesons and the one-pion transition obtain in our calcula-
tion are comparable to the empirical values. In addition,
we find that, with the decreasing of the quark conden-
sate, the masses of both the H and G doublets decrease.
Although this observation agrees with Ref. [19] with a
specific choice of the parameters in the model, it dis-
agrees with what was found in Ref. [20] that although
the G doublet decreases with the decreasing of quark
condensate, the H increases. So far, we cannot give a
clarified comment on this discrepancy between effective
model calculation and the present QCD approach. What
is interesting in the present calculation is that the mass
splitting between H and G doublets decreases with the
ar
X
iv
:2
00
1.
06
41
8v
2 
 [h
ep
-p
h]
  9
 Ju
l 2
02
0
2decreasing of quark condensate. This tells us that the
mass splitting between chiral partners arises from the
quark condensate, at least partially if not all. A more
possible interesting point can be drawn from the present
work is that, once the quark condensate is influenced
by the environment such the medium density and tem-
perature, the LECs in the effective Lagrangian are also
affected. In the literature, such modification is referred
to as intrinsic density dependence in the dense system as
opposite to the density dependence induced by nuclear
correlations (see, e.g., Ref. [21] for a recent comprehen-
sive discussion).
This paper is organized as follows. In Sec. II, to set
up the framework, we write down the chiral effective the-
ory of the heavy-light mesons that will be derived in the
present work. In Sec. III we derive the heavy-light me-
son Lagrangian from QCD and express the low energy
constants in the effective theory in terms of light quark
self-energy. The numerical results calculated by using
the quark self-energy obtained from a typical DSE and
lattice QCD are given in Sec. IV. Sec. V is devoted to
the our discussion and perspective. We present some de-
tails of the derivation in App. A and the expressions of
the LECs with the contribution from the renormalization
factor of quark wave function in App. B.
II. CHIRAL EFFECTIVE THEORY OF
HEAVY-LIGHT MESONS
To set up our framework, we write down the chiral ef-
fective theory of heavy-light mesons that will be stud-
ied in this work. We introduce the charmed heavy-
light meson doublets H and G with quantum numbers
JP = (0−, 1−) and JP = (0+, 1+), respectively. In terms
of the physical states and the notation of PDG [23], they
are expressed as
H =
1 + v/
2
(D∗;µγµ + iDγ5) ,
G =
1 + v/
2
(
D′;µ1 γµγ5 +D
∗
0
)
. (1)
In the following, without specification, we will focus on
two light flavors although the extension to three flavors
are straightforward.
Under chiral transformation, the H doublet transforms
under the unbroken SU(2)V subgroup of chiral symmetry
as an antidoublet
Ha → HbV †ba, (2)
with a being the light flavor indices. The same transfor-
mation holds for G doublet.
Then the simplest effective Lagrangian describing the
interaction between pion and heavy-light meson can be
written as [16, 22]
L = LH + LG + LHG, (3)
where
LH = − iTr
(
H¯v ·DH)− gHTr (Hγµγ5AµH¯)
+mHTr
(
H¯H
)
,
LG = − iTr
(
G¯v ·DG)+ gGTr (Gγµγ5AµG¯)
+mGTr
(
G¯G
)
,
LHG = gHGTr
(
Hγµγ5AµG¯
)
+ h.c.. (4)
where we have decomposed the chiral field U(x) =
exp(ipi(x)/fpi) as U = Ω
2 and Aµ =
i
2
(
Ω†∂µΩ− Ω∂µΩ†
)
and Dµ = ∂µ − iΓµ with Γµ = i2
(
Ω†∂µΩ + Ω∂µΩ†
)
.
From PDG [23], one can obtain the spin-averaged
masses of H and G doublets as
mH ' 1970 MeV, mG ' 2400 MeV, (5)
which yields the mass splitting
∆m = mG −mH = 430 MeV. (6)
It is believed that the value of the mass splitting between
chiral partners arises from the chiral symmetry breaking.
In the chiral doubler structure, the mass splitting ∆m
is attributed to the chiral symmetry breaking, i.e., the
vacuum expectation value of the sigma field in the linear
sigma model [17, 18]. Therefore, the magnitude of this
mass splitting measures the magnitude of the chiral sym-
metry breaking, i.e., the larger ∆m, the stronger chiral
symmetry breaking.
The Lagrangian (3) is written down with respect to
the chiral symmetry and heavy quark symmetry of QCD.
Only the terms with the minimal number of derivatives
are included. The parameters gH , gG, gHG,mH and mG
are free ones at the level of effective theory since they
can not be controlled by symmetry argument which the
effective theory relies on. We next evaluate these LECs
from fundamental QCD.
III. CHIRAL EFFECTIVE LAGRANGIAN OF
HEAVY-LIGHT MESONS FROM QCD
We derive the heavy-light meson effective theory (3)
from the generating functional of QCD (with an exter-
nal source J(x) introduced for the composite light quark
fields)
Z[J ] =
∫
DqDq¯DQDQ¯DGµ∆F (Gµ)
× exp
{
i
∫
d4x
[LQCD(q, q¯, Q, Q¯,Gµ) + q¯Jq]} ,
(7)
where q(x), Q(x) and Gµ(x) are the light-, heavy-quark
fields and gluon fields, respectively. By integrating in the
chiral field U(x) and heavy-light meson fields into the
generating functional, and integrating out gluon fields
3and quark fields, we obtain the effective action for the
chiral effective theory as
S[U,Π2, Π¯2] = − iNcTr′ ln
{(
i/∂ − Σ¯) I1 + J ′Ω
+
(
i/∂ +M/v −M) I4
−Π2 − Π¯2
}
, (8)
where Π2 and Π¯2 are the heavy-light meson field and
its conjugation, respectively. Σ¯ is the self-energy of the
light quark propagator. I1 = diag(1, 1, 0) and I4 =
diag(0, 0, 1) are matrices in the flavor space. JΩ is the
chiral rotated external source and J ′Ω is its extension
to the whole flavor space (including the heavy flavor).
Tr′ represents a functional trace over the flavor space,
spinor space and coordinate space. To obtain the effec-
tive action, we have taken advantage of both the chiral
symmetry and heavy quark symmetry, and made a few
approximations. The details of the derivation are given
in Appendix A.
The dynamical content of action (8) could be under-
stood easily once we rewrite eiS with fermionic fields re-
introduced:
eiS ∼
∫
DqDq¯DQDQ¯ exp
{
i
∫
d4x
[
q¯(i/∂ − Σ¯ + JΩ)q
+Q¯(i/∂ +M/v −M)Q− Q¯Πq − q¯Π¯Q
]}
. (9)
From this expression one can easily conclude that the
action (8) is just the summation of quark loops with all
the possible insertions of JΩ and heavy-light meson fields
Π, Π¯. In addition, one can see that the contribution of
gluon fields are included in the self-energy Σ¯.
We only interested in the (0−, 1−) and (0+, 1+) states,
so that the two nonzero elements in Π2 take the form
Π2(x) = H
q(x) +Gq(x), (10)
where q = 1, 2 denotes light flavor indices and H and G
fields are given by Eq. (1).
Expanding the action S (8) with respect to U , Π2 and
Π¯2 generates the chiral effective Lagrangian. Since U
field is attached to the rotated external source, we actu-
ally take derivatives on the action S with respect to JΩ.
So
S = S0 + S1 + S2 + S3 + · · · , (11)
where the subscript 0, 1, 2, 3, · · · denotes the order in the
expansion in terms of JΩ, Π2 and Π¯2. In the expansion
(11), the S0 term, a constant of the action S, has no
physical significant and, the first order term S1 vanishes
due to the saddle point equation. Therefore, the leading
order contribution comes from S2. Due to the symmetry
arguments, only the following terms survive:
S2 =
1
2!
δ2S
δJΩδJΩ
JΩJΩ +
δ2S
δΠ¯2δΠ2
Π2Π¯2. (12)
The first term generates the nonlinear sigma model of
the Nambu-Goldstone bosons which has been extensively
discussed in Ref. [2]. We will not go to the details here.
The second term of S2 generates the model of heavy-light
mesons which is interested in the present work.
We denote the second term in S2 as S22, then for the
fields H and H¯, we have
S22 = iNc
[((
i/∂ − Σ¯) I1 + (i/∂ +M/v −M) I4)−1]b2a1
ξ2η1
(x2, x1)H¯
a1b1
η1ξ1
(x1)
×
[((
i/∂ − Σ¯) I1 + (i/∂ +M/v −M) I4)−1]b1a2
ξ1η2
(x1, x2)H
a2b2
η2ξ2
(x2)
= iNc
∫
d4x1d
4x2trlf
[(
i/∂ − Σ¯)−1 δ(x2 − x1)H¯(x1)(iv · ∂)−1δ(x1 − x2)H(x2)] (13)
where we have used the identity H¯i/∂H = H¯iv · ∂H and /vH = H. Eq. (13) is expressed diagrammatically in Fig. 1
(left panel), which is simply the heavy-light quark loop with one H and one H¯ inserted properly. The mass and the
kinetic terms of the heavy-light meson are dynamically generated by this quark loop. In order to keep the invariance
of the vector part of the chiral transformation, we follow Ref. [6] and take the form of the self-energy of the light
quark as Σ¯(x− y) = Σ(∇2)δ(x− y), where Σ is the self-energy function in the momentum space and ∇ ≡ ∂ − iVΩ is
the covariant derivative. This form retains the correct chiral transformation properties in the theory. By using the
derivative expansion, we obtain (up to the first order)
S22 = iNc
∫
d4x
∫
d4p
(2pi)4
[
− 1
p2 − Σ2 +
Σ
(p2 − Σ2)v · p
]
Tr
[
H¯(x)H(x)
]
+ iNc
∫
d4x
∫
d4p
(2pi)4
[
− 1
(p2 − Σ2)v · p −
2Σ
(p2 − Σ2)2 −
2Σ′(p2 + Σ2)
(p2 − Σ2)2
]
Tr
[
H(x)iv · ∂H¯(x)]
+ iNc
∫
d4x
∫
d4p
(2pi)4
[
−2Σ
′(p2 + Σ2)
(p2 − Σ2)2
]
Tr
[
H(x)v · VΩH¯(x)
]
, (14)
4where we have used the relation H/v = −H. From
Eq. (14) one can easily see that S22 includes the mass
term, the kinetic term and a part of the interaction term
of the H fields.
We next consider the part of the S3 which generates
the interaction between the heavy-light meson field H
and the light Goldstone boson field up to the leading
order of the chiral counting. This can be obtained as
S3 =
δ3S
δJΩδH¯δH
JΩHH¯,
= − iNc
∫
d4x1d
4x2d
4x3Tr
[
(i/∂ − Σ)−1δ(x2 − x3)J(x3)(i/∂ − Σ)−1δ(x3 − x1)H¯(x1)(iv · ∂)−1δ(x1 − x2)H(x2)
]
.
(15)
Recalling that SΩ and PΩ are of O(p2) while AµΩ and V µΩ are of O(p) in the chiral counting, we neglect the SΩ and
PΩ terms. The diagram representation of Eq. (15) is shown in Fig. 1 (right panel). After the derivative expansion
we obtain
S3 = − iNc
∫
d4x
∫
d4p
(2pi)4
[
Σ2 + 13p
2
(p2 − Σ2)v · p −
2Σ
(p2 − Σ2)2
]
Tr
[
H(x)γµγ5A
µ
Ω(x)H¯(x)
]
− iNc
∫
d4x
∫
d4p
(2pi)4
[
1
(p2 − Σ2)v · p +
2Σ
(p2 − Σ2)2
]
Tr
[
H(x)vµV
µ
Ω (x)H¯(x)
]
. (16)
Summing up Eqs. (14) and (16), one can obtain the
expressions of the constants mH and gH as
mH =
iNc
ZH
∫
d4p
(2pi)4
[
1
p2 − Σ2 −
Σ
(p2 − Σ2)v · p
]
,
gH = − iNc
ZH
∫
d4p
(2pi)4
[
Σ2 + 13p
2
(p2 − Σ2)2v · p −
2Σ
(p2 − Σ2)2
]
,
(17)
with ZH being the wave-function renormalization factor
ZH = iNc
∫
d4p
(2pi)4
[
− 1
(p2 − Σ2)v · p
− 2Σ
(p2 − Σ2)2 −
2Σ′(p2 + Σ2)
(p2 − Σ2)2
]
.
It is interesting to note that the summing of the
S22 and S3 terms yields the same coefficients for
the Tr
[
H(x)iv · ∂H¯(x)] term and Tr [H(x)v · VΩH¯(x)]
term. This means that the vector part of the chiral sym-
metry is reserved in our approach, agreeing with the pat-
tern of the chiral symmetry breaking in QCD.
By using the same argument, we obtain the parameters
of the heavy-light mesons in the positive parity sector.
The expressions are
mG =
iNc
ZG
∫
d4p
(2pi)4
[
1
p2 − Σ2 +
Σ
(p2 − Σ2)v · p
]
,
gG = − iNc
ZG
∫
d4p
(2pi)4
[
Σ2 + 13p
2
(p2 − Σ2)2v · p +
2Σ
(p2 − Σ2)2
]
,
(18)
with ZG being the renormalization factor of G field
ZG = iNc
∫
d4p
(2pi)4
[
− 1
(p2 − Σ2)v · p
+
2Σ
(p2 − Σ2)2 +
2Σ′(p2 + Σ2)
(p2 − Σ2)2
]
.
And, we obtain the coupling constant between the parity
partner fields H and G as
gHG = − i Nc√
ZHZG
∫
d4p
(2pi)4
[
Σ2 + p2
(p2 − Σ2)2v · p
]
. (19)
In above expressions, Σ(−p2) stands for self-energy of
light quarks to be calculated from QCD. This is an im-
provement compared to Ref. [17]. In addition, our proce-
dure of deriving the chiral Lagrangian allows a systematic
improvement in the calculation.
The LECs discussed so far only receive contributions
from one loop diagrams, because we have been using a
simplified effective action S (8). The contributions to
these LECs from the other effects are too complicated to
be quantitatively analyzed, so we only make some quali-
tative discussions here: In deriving S (8), we took three
approximations, namely, the chiral limit, the heavy quark
limit and the large Nc limit. So, our results suffered from
corrections of O(mu/d), of O(1/mQ) and of O(1/Nc). In
addition, the non-‘Tr ln’ terms existing in the full large
Nc action (see Eq. (A25)) have been omitted in action S
(8) in the sense of dynamics pertubation which has been
found workable for the calculation of the pion decay con-
stant [24]. The dynamical content of these non-‘Tr ln’
terms are relatively simple for the H¯H term (but not for
all the terms) in the effective Lagrangian, because only
G¯(Φc) term in Eq. (A25) contributes. One can easily see
that the G¯(Φc) term is actually the summation of the vac-
uum diagrams which are composed of one connected full
gluon Green’s functions (pure Yang-Mills) and a number
of quark loops with quark propagating on the background
of meson fields (Π(x) and U(x)). This term gives rise to
5FIG. 1. Left panel: the diagram expression for Eq. (13), i.e., one heavy-light quark loop with one H and one H¯ insertions;
Right panel: the diagram expression for Eq. (15), i.e., one heavy-light quark loop with one H, one H¯ and one JΩ insertions.
The solid arrow line represents the full light-quark propagator. The dashed arrow line represents the heavy-quark propagator
(in the heavy quark limit). The doubled line attached with a cross represents the H/H¯ insertion. The zigzag line attached
with a cross represents the JΩ insertion.
the contribution from higher-loop diagrams. For illustra-
tion, we show a few these diagrams contributing to the
H¯H term in the effective Lagrangian in Fig. 2. 1 We shall
not calculate these contributions in the present work, but
stick to the leading order contributions given by action
S (8).
IV. NUMERICAL RESULTS
We have obtained the chiral effective Lagrangian for
heavy-light mesons and the integral forms of LECs in
terms of the dynamical quark mass Σ(−p2). To have a
quantitative idea, we make some numerical calculation in
this section. For this purpose, we should know the light
quark self-energy Σ(−p2) which, at this moment, only the
information from DSEs and lattice QCD are available.
First, we consider the information from the DSE
method. Here, we take the following differential form
of DSE for quarks self-energy [6] 2(
αs(x)
x
)′
Σ(x)′′ −
(
αs(x)
x
)′′
Σ(x)′
− 3C2(R)
4pi
xΣ(x)
x+ Σ2(x)
(
αs(x)
x
)′2
= 0,
(20)
1 The G¯(Φc) term given in Eq. (A25) only contains (1/Nc)0 order
contributions due to its definition. Higher order O(1/Nc) con-
tributions of this term should arise when we go beyond the large
Nc limit. So the diagrams given in Fig. 2 give rise to higher loop
corrections as well as 1/Nc corrections.
2 There might be tiny difference of the numerical values given bel-
low if we take other forms. But it does not affect the main
conclusion of this work.
with boundary conditions
Σ′(0) = − 3C2(R)αs(0)
8piΣ(0)
,
Σ(Λ′) =
3C2(R)αs(Λ
′)
4piΛ′
∫ Λ′
0
dx
xΣ(x)
x+ Σ2(x)
, (21)
where αs is the running coupling constant of QCD. Λ
′
is an ultraviolet cut-off regularizing the integral, which
should be taken Λ′ →∞ eventually.
Since the low energy behavior of the QCD running
coupling constant is unclear to us, as a comparison, we
take two models for αs. One is a segmented form of the
coupling constant [6], which has a finite infrared limit
(Model A):
αs(p
2) =
12pi
33− 2Nf
×

a ln p
2
Λ2QCD
≤ b
a− c(2 + ln p2
Λ2QCD
)2 b ≤ ln p2
Λ2QCD
≤ d
1
ln(p2/Λ2QCD)
d ≤ ln p2
Λ2QCD
,
where Nf = 2 and ΛQCD = 0.25 GeV; a, b and d are
the parameters of the model, and c is an independent
parameter keeping the strong coupling continuous at the
boundary via the relation c = (a−1/d)/(2+d)2. We have
found that the values of d = 4 and b = 3 give reasonable
sets of results, so we fix them and focus on the variation
of the results on the parameter a alone.
The other form of the strong coupling constant is taken
from the refined Gribov-Zwanziger formulism [25], which
has a vanishing infrared limit (Model B):
αs(p
2) = α0p
2 p
2 +M2
p4 + (M2 +m2)p2 + λ4
, (22)
where M2 = 4.303 GeV2, (M2 +m2) = 0.526 GeV2 and
λ4 = 0.4929 GeV4, α0 is the parameter of the model. It
6FIG. 2. Examples of higher loop diagrams contributing to H¯H term in the effective Lagrangian. The gluon propagators are
the (quenched) full ones. The shaded ovals with gluon legs represent (quenched) full connected gluon Green functions.
should be noted that, different from Model A, αs in this
model doesn’t respect the UV behavior of QCD. How-
ever, since the LECs are mostly controlled by the low
energy behavior of QCD, this should not be a problem.
Model A and B are sketched in Fig. 3.
0 1 2 3 4 5 6 7 8 9 10
p2 [Gev2]
0
0.5
1
1.5
s(p
2 )
Model A
Model B
FIG. 3. Running coupling constant of model A with a = 0.79
and with a0 = 0.58.
By solving the DSE, and choosing the parameters, we
obtain Σ(−p2) for both models. Then LECs are calcu-
lated according to Eqs. (17)-(19). It is clear that the
integrals of the LECs have a physical ultraviolet cutoff
Λc which should be of the order of the chiral symmetry
breaking scale. We have found that Λc = 0.9 GeV gives
the best global-fitting results for the LECs. The results
of LECs as well as the quark condensate 〈q¯q〉 calculated
with different parameters are shown in Tables I and II. As
expected, we find that the mass splitting between the chi-
ral partners increases as the quark condensate increases.
Our results directly show how the dynamics of the fun-
damental theory affects the LECs of the effective theory.
For the mass splitting, we find that both Model A
(with parameter a = 0.79) and Model B (with param-
eter a0 = 0.58) can give the results which agree with
empirical data (6). To compare the masses of H and
G doublets calculated here with experimental data of D
mesons, the charm quark mass which has been rotated
away should restored. By using mc ≈ 1.27 GeV [23] we
obtain m˜H ≈ 1.825 GeV and m˜G ≈ 2.249 GeV when
using the data with parameter a = 0.79 in Table I or
m˜H ≈ 1.933 GeV and m˜G ≈ 2.373 GeV when using
the data with parameter a = 0.58 in Table II. These
results are consistent with experimental data of spin-
averaged masses of the charmed mesons D mesons (5).
For the coupling constants, we find Model B with param-
eter a0 = 0.58 is more favorable. In this case, the cou-
pling gH = 0.408, which directly determines the width of
the D∗ → Dpi decay. By using the expression
Γ(D∗+ → Dpi) = 3
2
g2H |Ppi|3
12pif2pi
(23)
with Ppi being the three momentum of the decay prod-
ucts, we obtain the decay width Γ(D∗+ → D0pi+) =
48 KeV which is roughly comparable to the experimen-
tal result 83.4± 1.8 KeV [23].
In addition to the above intramultiplet transition, one
can also calculate the intermultiplet transitions. The cou-
pling constant responsible to this transition is calculated
as gHG = 0.432. From this value, the intermultiplet one-
pion transition D∗0+0 → D+pi− is obtained as
Γ(D∗00 → Dpi) =
3
2
g2HG
4pif2pi
mD
mD∗0
|Ppi|3 = 183 MeV, (24)
which is at the same order as the experimental value
274± 40 MeV [23].
Next, we consider the information from lattice QCD.
In Ref. [26], the authors fitted the lattice results (corre-
sponding to Mpi = 295 MeV) for the quark wave func-
tion renormalization Z(−p2) and the running quark mass
M(−p2). These functions are plotted in Fig. 4. We shall
use these fitted functions to calculate the LECs. The
LECs with the contribution from Z(−p2) are derived in
Appendix B. Z(−p2) gives additional correction to the
LECs, but, it also introduces additional uncertainties due
to its dependence on the renormalization point (the run-
ning quark mass M(−q2) is renormalization independent
and has no such uncertainties). As a comparison, we
calculate LECs in two manners — one using the fitted
Z(−p2) and the other using Z(−p2) = 1 — in this lattice
based analysis. The results are shown in Table III.
From Table III we find that the wave function renor-
malization affects the positive parity states more signifi-
cantly. In turn, it affects the mass splitting ∆m. The
∆m’s given here deviate from the empirical value by
about 140 MeV. However, recalling that the mass split-
ting of 0−–1− and that of 0+–1+ are both & 100 MeV,
7TABLE I. The heavy-light meson masses and the coupling constants calculated from Model A. ∆m = mG −mH . (b = 3, d =
4, ΛQCD = 0.25 GeV).
a − 〈ψ¯ψ〉 (GeV3) Σ(0) (GeV) fpi(GeV) gG gH gHG mG (GeV) mH (GeV) ∆m (GeV)
0.81 (0.290)3 0.380 0.095 1.269 0.272 0.667 1.064 0.577 0.486
0.80 (0.285)3 0.357 0.092 1.194 0.249 0.694 1.015 0.564 0.451
0.79 (0.280)3 0.340 0.089 1.140 0.231 0.713 0.979 0.555 0.424
0.78 (0.276)3 0.323 0.086 1.089 0.214 0.730 0.947 0.546 0.400
0.77 (0.270)3 0.304 0.083 1.031 0.193 0.750 0.910 0.536 0.373
TABLE II. The heavy-light meson masses and the coupling constants calculated from Model B. ∆m = mG − mH . (M2 =
4.303 GeV2, M2 +m2 = 0.526 GeV2, λ4 = 0.4929 GeV2).
a0 − 〈ψ¯ψ〉 (GeV3) Σ(0) (GeV) fpi(GeV) gG gH gHG mG (GeV) mH (GeV) ∆m (GeV)
0.60 (0.319)3 0.484 0.113 1.636 0.459 0.321 1.259 0.705 0.554
0.59 (0.316)3 0.450 0.111 1.526 0.434 0.378 1.177 0.684 0.494
0.58 (0.313)3 0.418 0.109 1.425 0.408 0.432 1.103 0.663 0.440
0.57 (0.309)3 0.386 0.106 1.330 0.381 0.482 1.035 0.643 0.392
0.56 (0.304)3 0.354 0.103 1.240 0.353 0.530 0.972 0.623 0.349
TABLE III. LECs calculated from lattice fittings given in Ref [26].
fpi (GeV) gG gH gHG mG (GeV) mH (GeV) ∆m (GeV)
fitted Z(−p2) 0.089 0.919 0.176 0.706 0.883 0.583 0.299
Z(−p2) = 1 0.089 1.267 0.215 0.757 1.125 0.537 0.588
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FIG. 4. The lattice fittings of Z(−p2) and M(−p2) given in
Ref. [26] and Σ(−p2) (= M(−p2)) from DSE with Model A
and Model B.
these results are not strange. The real masses (i.e. with
mc added up) are m˜H ≈ 1.853 GeV and m˜G ≈ 2.153
GeV for the “fitted Z(−p2)” case and m˜H ≈ 1.807 GeV
and m˜G ≈ 2.395 GeV for the “Z(−p2) = 1” case. For
the coupling constants, the results with lattice fittings
are closer to model A than model B in the DSE based
analysis.
In general, the lattice-based results are not so good
as the best-fitted DSE results. But one should notice
that lattice data themselves are still suffering from some
uncertainties. For instance, the lattice fitted Z(−p2) and
M(−p2) used here correspond to an overestimated pion
mass mpi = 295 MeV. So that the difference is acceptable.
V. DISCUSSION AND PERSPECTIVE
In this paper, we derive the chiral effective Lagrangian
of heavy-light mesons from QCD. The relationship be-
tween the LECs and the quark self-energy is obtained.
By using the quark self-energy calculated from DSEs as
well as fitted from lattice QCD, we calculated the values
of the LECs in the Lagrangian. With properly chosen
parameters, the numerical results are roughly consistent
with the experimental data.
The deviations between our numerical results and the
available empirical data can be understood as follows:
First, as the leading order calculation in heavy quark ex-
pansion and large Nc expansion, the results suffer from
high order corrections from both 1/Nc terms and 1/M
terms as we mentioned before. Second, the non-‘Tr ln’
term in the action has been omitted in our calculation
for simplicity. However these terms generate contribu-
tions with complicated forms which in general cannot be
described by the self-energy alone.
8The scheme developed here for deriving the chiral ef-
fective Lagrangian of heavy-light mesons and calculating
the LECs from QCD can be straightforwardly extended
to include the 1/M corrections, higher order derivatives
as well as excited heavy-light mesons. This is beyond the
scope of the present work and will be reported elsewhere.
In addition, it might be possible to extend the present
work the exotic heavy hadrons such as the tetraquark
state. Such kind of study is in progress.
The last but not the least point we want to mention
is that, the results shown here illustrate the quark con-
densate dependence of the LECs in the effective theory.
When the change of the quark condensate due to the en-
vironment is know, one can easily translate our results
to the change of the LECs therefore obtain the intrin-
sic environment, such as the density, dependence of the
effective theory.
Appendix A: Derivation of the action
In this appendix, we derive Eq. (8) from Eq. (7) in
detail. Essentially, the procedure is summarized as inte-
grating in the (psuedo-)Nambu-Goldstone boson fields,
the heavy-light meson fields and integrating out the
quark fields.
1. Integrate in the (psuedo-)Nambu-Goldstone
boson fields
We first focus on the (pseudo-)Nambu-Goldstone bo-
son part in the effective Lagrangian. In the chiral limit
considered in this work the QCD generating functional
Eq. (7) can be written as
Z[J ] =
∫
DqDq¯DQDQ¯ exp
{
i
∫
d4x
[
q¯(i/∂ + J)q + Q¯(i/∂ −M)Q]}
×
∫
DGµ∆F (Gµ) exp
{
i
∫
d4x
[
− 1
4
GiµνG
µν
i −
1
2ξ
[F i(Gµ)]
2 − gIµi Giµ
]}
, (A1)
where M is the mass matrix for the heavy quark fields.
Here and in the following, we use i, j, · · · to represent
color indices in the adjoint representation, and Iµi =
q¯ λi2 γ
µq + Q¯λi2 γ
µQ to denote the quark composite oper-
ator. The external source J(x) can be generally decom-
posed into scalar, pseudoscalar, vector, and axialvector
parts
J(x) = − s(x) + ip(x)γ5 + /v(x) + /a(x)γ5, (A2)
where s(x), p(x), vµ(x), and aµ(x) are Hermitian matri-
ces in the flavor space, and the light quark masses have
been absorbed into the definition of s(x). The vector
and axial-vector sources vµ(x) and aµ(x) are taken to
be traceless. To introduce the pseudoscalar meson field
U = Ω2 = eipi(x)/fpi into the theory, following Ref. [2], we
sandwich the following constant
I =
∫
DUδ(U†U − 1)δ(detU − 1)
×F [O]δ (ΩO†Ω− Ω†OΩ†) , (A3)
into the QCD generating functional (A1). In Eq. (A3),
F [O] ≡ {∏
x
detO ∫ Dσδ(O†O − σ†σ)δ(σ − σ†)}−1, and
O(x) = e−i[θ(x)/Nf ]trl[PRBT (x, x)]. B is the ab-
breviation of the bilocal composite light quark fields:
Babηξ(x, y) ≡ 1Nc q¯aηα(x)qbξα(y), where η, ξ, · · · represent
spinor indices, a, b, · · · denote flavor indices and α, β, · · ·
stand for color indices in the fundamental representa-
tion. Nf is the number of light flavors, and trl de-
notes tracing over the spinor space. θ(x) is defined
as ei2θ(x) ≡ det trl[PRBT (x,x)]
det trl[PLBT (x,x)]
. Inserting Eq. (A3) into
Eq. (A1) we get
Z[J ] =
∫
DqDq¯DQDQ¯DGµ∆F (Gµ)DUδ(U†U − 1)δ(detU − 1)δ(ΩO†Ω− Ω†OΩ†)
× exp
{
i
∫
d4x
[
q¯(i/∂ + J)q + Q¯(i/∂ −M)Q− 1
4
GiµνG
µν
i −
1
2ξ
[F i(Gµ)]
2 − gIµi Giµ
]
+ iΓI [B]
}
, (A4)
where eiΓI [B] ≡ F [O].
The exponential part in Eq. (A4) is invariant under
the chiral rotation
q → qΩ = (ΩPL + Ω†PR)q,
9q¯ → q¯Ω = q¯(ΩPL + Ω†PR), (A5)
if the external field J(x) undergoes the following trans-
formation
J(x)→ JΩ(x) = [Ω(x)PR + Ω†(x)PL]
× [J(x) + i/∂][Ω(x)PR + Ω†(x)PL].
In addition, one can find
ΩO†Ω− Ω†OΩ† = O†Ω −OΩ.
In this work, we concentrate on the normal part of the
chiral Lagrangian of the heavy-light mesons and ignore
the chiral anomaly. In this case, the generating functional
can be reexpressed in terms of rotated fields as:
Z[J ] =
∫
DqΩDq¯ΩDQDQ¯DGµ∆F (Gµ)DU¯δ(O†Ω −OΩ)
exp
{
i
∫
d4x
[
q¯Ω(i/∂ + JΩ)qΩ + Q¯(i/∂ −M)Q− 1
4
GiµνG
µν
i −
1
2ξ
[F i(Gµ)]
2 − gIµiΩGiµ
]
+ iΓI [BΩ]
}
, (A6)
where DU¯ = DUδ(U†U − 1)δ(detU − 1).
Now we integrate out the gluon fields, which
generates pure Yang-Mills gluon Green’s functions
Gi1···inµ1···µn(x1, · · · , xn) in the action. By Fierz reordering,
we can further diagonalize the color indices of the quark
fields, and get
Gi1···inµ1···µn(x1, · · · , xn)
[
ψ¯a1α1
(
λi1
2
)
α1β1
γµ1ψa1β1(x1)
]
· · ·
[
ψ¯anαn
(
λin
2
)
αnβn
γµnψanβn(xn)
]
=
∫
d4x′1 · · · d4x′ngn−2G¯σ1···σnρ1···ρn (x1, x′1, · · · , xn, x′n)× ψ¯σ1α1(x1)ψρ1α1(x′1) · · · ψ¯σnαn(xn)ψρnαn(x′n), (A7)
where ψ stands for both the light and heavy quarks, i.e., ψ = (q,Q). G¯σ1···σnρ1···ρn (x1, x
′
1, · · · , xn, x′n) is a generalized gluon
Green’s function. Then, the generating functional becomes
Z[J ] =
∫
DqDq¯DQDQ¯DU¯δ(O† −O)
× exp
{
i
∫
d4x
[
q¯(i/∂ + JΩ)q + Q¯(i/∂ −M)Q
]
+ iΓI [B]
+
∞∑
n=2
∫
d4x1 · · · d4x′nd4x′1 · · · d4x′n
(−i)n(Ncg2)n−1
n!
G¯σ1···σnρ1···ρn (x1, x
′
1, · · · , xn, x′n)
× ψ¯σ1α1(x1)ψρ1α1(x′1) · · · ψ¯σnαn(xn)ψρnαn(x′n)
}
. (A8)
2. Integrate in the heavy-light meson fields
We next introduce the heavy-light meson fields into
the system by considering the heavy quark symmetry.
Following the standard heavy quark effective theory
(HQET) ( see,.e.g., Ref. [16] for a pedagogical discus-
sion), we introduce the velocity-dependent heavy quark
field by using the following substitution
Q′(x) ≡ eiMv·xQ(x), (A9)
where vµ is related to the heavy quark momentum pµ by
pµ = Mvµ + kµ with kµ the residue momentum. Intro-
ducing the projection operator (1±/v)/2, one can decom-
pose the heavy quark field as
Nv(x) =
1 + /v
2
eiMv·xQ(x),
Nv(x) = 1− /v
2
eiMv·xQ(x). (A10)
The Nv field is the large component of the quark field
which survives in the heavy quark limit whereas the Nv
field is the small component of the quark field which dis-
appears in the heavy quark limit. Applying Eq. (A9) to
Eq. (A8) amounts to the replacement Q¯(i/∂ − M)Q →
10
Q¯′(i/∂ +M/v −M)Q′.
To proceed, we introduce a bilocal auxiliary field Φabηξ
by sandwiching the following constant into Eq. (A8):∫
DΦδ(NcΦabηξ(x, x′)− ψ¯′aη (x)ψ′bξ (x′)), (A11)
where ψ′ = (q,Nv) in the sense that only the contribu-
tion from Nv — the large component of the heavy qaurk
field — is considered. 3 The generating functional then
becomes
Z[J ] =
∫
DqDq¯DQ′DQ¯′DU¯DΦδ(O† −O)δ(NcΦ(aη)(bξ)(x, x′)− ψ¯′aη (x)ψ′bξ (x′))
× exp i
{∫
d4x
[
q¯(i/∂ + JΩ)q + Q¯
′(i/∂ +M/v −M)Q′
]
+ iΓI [Φ] +Nc
∞∑
n=2
∫
d4x1 · · · d4x′nd4x′1 · · · d4x′n
× (−i)
n(Ncg
2)n−1
n!
G¯σ1···σnρ1···ρn (x1, x
′
1, · · · , xn, x′n)× Φσ1ρ1(x1, x′1) · · ·Φσnρn(xn, x′n)
}
, (A12)
where we have replaced the bilocal quark fields with Φ in the spirit of the heavy quark limit.
The δ function can be further expressed in the Fourier representation
δ(NcΦ
ab
ηξ(x, x
′)− ψ¯′aη (x)ψ′bξ (x′)) ∼
∫
DΠ expi
∫
d4xd4x′Πabηξ(x,x
′)[NcΦabηξ(x,x
′)−ψ¯′aη (x)ψ′bξ (x′)] . (A13)
Then the generating functional becomes
Z[J ] =
∫
DqDq¯DQ′DQ¯′DU¯DΦDΠδ(O† −O)
× exp
{
i
∫
d4x
[
q¯(i/∂ + JΩ)q + Q¯
′(i/∂ +M/v −M)Q′
]
+ iΓI [Φ] + iNcG¯(Φ)
+ i
∫
d4xd4x′
[
NcΠ
ab
ηξ(x, x
′)Φabηξ(x, x
′)− ψ¯′(x)Π(x, x′)ψ′(x′)
]}
, (A14)
where
G¯(Φ) =
∞∑
n=2
∫
d4x1 · · · d4x′nd4x′1 · · · d4x′n
(−i)n(Ncg2)n−1
n!
G¯σ1···σnρ1···ρn (x1, x
′
1, · · · , xn, x′n)Φσ1ρ1(x1, x′1) · · ·Φσnρn(xn, x′n).
Since Nv(x) =
1+/v
2 Q
′(x), only the “positive projected”
part (the part projected by
1+/v
2 ) of Π
ab(x, y) contributes.
For example, for ΠqQ,
q¯(x)ΠqQ(x, y)Nv(y) = q¯(x)Π
qQ(x, y)
1 + /v
2
Q′(y)
= q¯(x)ΠqQ+ (x, y)Q
′(y), (A15)
where ΠqQ± = Π
qQ 1±/v
2 . Since we are only interested in the
leading contribution from heavy quark expansion, ΠqQ−
has no contributions here. So eventually, we can keep
only the positive projected parts of the Φ and Π fields
for their heavy flavor components in the generating func-
tional.
3. Integrate out quark fields
Now, we are ready to integrate out quark fields q and
Nv. The standard procedure yields
Z[J ] =
∫
DU¯DΦDΠδ(O† −O)
× exp
{
iNc
[
−iTr′ ln[i/∂I1 + J ′Ω + (i/∂ +M/v −M)I4 −Π]
]
+ iNcTr
′(ΠΦT ) + iNcG¯(Φ) + iΓI [Φ]
}
, (A16)
3 Here, we focus on the physics in the heavy quark limit. The
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where we have defined the functional trace Tr′ taking
over the flavor space, spinor space and coordinate space
and I1 and I4 are the following matrices in the flavor
space
I1 =
1 0 00 1 0
0 0 0
 , I4 =
0 0 00 0 0
0 0 1
 .
In this work we only consider two light flavors plus
one heavy flavor. The generalization to more flavors is
straightforward. “Tr” runs over the flavor space, spinor
space and space-time. J ′Ω is the extension of JΩ into the
whole flavor space with J ′QqΩ = J
′qQ
Ω = J
′QQ
Ω = 0.
In flavor space the matrix Π can be decomposed as
Π = Π1 + Π2 + Π3 + Π4, (A17)
where
Π1 =
(
Πqq2×2 0
0 0
)
, Π2 =
(
0 0
ΠQq1×2 0
)
,
Π3 =
(
0 ΠqQ2×1
0 0
)
, Π4 =
(
0 0
0 ΠQQ
)
. (A18)
A similar decomposition holds for Φ. Tracing back to
Eq. (A14) and from the term ψ¯′(x)Π(x, x′)ψ′(x′), one
can find that Π directly couples to quark-anti-quark pairs
and has the same transformation properties as the com-
posite quark fields, so that it is reasonable to identify Π2
and Π3 as the bosonic interpolating fields for heavy-light
mesons. However, since Π is a bilocal field, to get a local
effective lagrangian, we need a suitable localization on
Π2 and Π3 fields. Here we take the following localiza-
tion conditions which are essentially the point coupling
between quarks [28]
Π2(x, y) = Π2(x)δ(x− y),
Π3(x, y) = Π3(x)δ(x− y). (A19)
It is easy to check that Φ and Π have the following
properties:
γ0[ΦTba(y, x)]†γ0 = ΦTab(x, y),
γ0[Πab(x, y)]†γ0 = Πba(y, x).
So that
Π¯2(x, x) ≡ γ0Π†2(x, x)γ0 = Π3(x, x).
Then the generating functional can be written as
Z[J ] =
∫
DU¯DΦDΠ exp
{
iΓI [Φ]
+ iNc
{
Tr′(ΠΦT ) + G¯(Φ) +
∫
d4xTr
{
Ξ
[(
−i sin θ
Nf
+ cos
θ
Nf
)
ΦT
]}
− iTr′ ln(i/∂I1 + J ′Ω + (i/∂ +M/v −M)I4 −Π1 −Π2 − Π¯2 −Π4)
}}
, (A20)
where the δ(O† −O) term has been reexpressed as
δ(O† −O) =
∫
DΞeiNc
∫
d4xTr{Ξ(x)[ΘΦT (x,x)]},(A21)
with Ξab(x) being new auxiliary fields Ξab(x) and
Θ ≡ (−i sin θ(x)/Nf + cos θ(x)/Nf ). (A22)
Now, by integrating out the fields Φ, Ξ, Π1 and Π4, we
can obtain the action, denoted as S[U,Π2, Π¯2], for the
chiral effective theory with heavy-light mesons
Z[J ] =
∫
DU¯DΠ2DΠ¯2 exp{iS[U,Π2, Π¯2]}, (A23)
where
eiS ≡
∫
DΦDΠ1DΠ4DΞ exp
{
iΓI [Φ] + iNc
{
Tr′(ΠΦT ) + G¯(Φ) +
∫
d4xTr{Ξ[(−i sin θ
Nf
+ cos
θ
Nf
)ΦT ]}
− iTr′ ln(i/∂I1 + J ′Ω + (i/∂ +M/v −M)I4 −Π1 −Π2 − Π¯2 −Π4)
}}
.(A24)
finite corrections to the LECs calculated later and the form of
the effective theory from the heavy quark mass can be easily
included in our approach along Ref. [27].
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The heavy-light meson effective theory can be derived by
expanding the action S with respect to the Goldstone
boson fields U and the heavy-light meson fields Π2, Π¯2.
4. The action in the large Nc Limit
The action defined in the previous subsection is not
practically useful. In order to calculate the coefficients
in the chiral Lagrangian, we make a further approxima-
tion, namely, keeping the leading order of the large Nc
expansion. Under large Nc limit, the effective action is
simply the corresponding classical action, so we have
S[U,Π2, Π¯2] = Nc
{
Tr′(ΠcΦTc ) + G¯(Φc) +
∫
d4xTr
{
Ξc
[(
−i sin θ(Φc)
Nf
+ cos
θ(Φc)
Nf
)
ΦTc
]}
− iTr′ ln [i/∂I1 + J ′Ω + (i/∂ +M/v −M) I4 −Π1c −Π2 − Π¯2 −Π4c]
}
, (A25)
where Φc,Ξc,Π1c,Π4c are classical fields satisfying the
saddle point equations
δS
δΦc
=
δS
δΞc
=
δS
δΠ1c
=
δS
δΠ4c
= 0. (A26)
and ΓI term has been ignored because it is of O(1/Nc) [2].
These saddle point equations provide important infor-
mation. For instance, equations δSδΠ1c = 0 and
δS
δΦ1c
= 0
generate the coupled equations
ΦTab1cηξ(x, y) = −i
[
(i/∂ + J ′Ω −Π1c)−1
]ab
ηξ
(x, y), (A27)
with
Πab1cηξ(x, y) = −
∞∑
n=1
∫
d4x1 · · · d4x′nd4x′1 · · · d4x′n
(−i)n+1(Ncg2)n
n!
× G¯aa1···an,bb1···bnηη1···ηn,ξξ1···ξn(x, y, x1, x′1, · · · , xn, x′n)Φa1b11cη1ξ1(x1, x′1) · · ·Φanbn1cηnξn(xn, x′n), (A28)
where the term involving Ξ has been omitted because it
vanishes once the external sources J are turned off [2].
When J ′Ω is turned off, the coupled equations (A27) and
(A28) are nothing but the DSEs for the quark propa-
gators with Π1c being the self-energy for light quarks.
So that we rewrite Π1c(x, y) as Σ¯(x − y)I1. Along the
same procedure, the DSE for the heavy quark propaga-
tor which depends on the self-energy of heavy quark, Π4c,
can be obtained. However, since the contribution from
the heavy quark self-energy is less significant than the
light ones, we will simply ignore it.
The direct calculation of the LECs in the effective La-
grangian from action (A25) is not so easy, if not impos-
sible, because the fields Φc and Ξc are functionals of U ,
Π2 and Π¯2 through the saddle point equations (A26).
To proceed, we follow Ref. [6] and keep only the “Tr ln”
term in the action in the spirit of the dynamical pertur-
bation which works well in the calculation of pion decay
constant [24]. Then the action becomes
S[U,Π2, Π¯2] = − iNcTr′ ln
{
(i/∂ − Σ¯)I1 + J ′Ω
+ (i/∂ +M/v −M)I4
−Π2 − Π¯2
}
. (A29)
It should be noted that although the contribution from
gluon field is not explicit appeared in the action, it does
contribute through the quark self-energy Σ¯, which re-
quires the application of the DSE.
Appendix B: Formula for LECs with Z(−p2) effect
The quark propagator can be generally written as
S(p) =
i
A(p2)/p −B(−p2) = i
A(−p2)/p +B(−p2)
A2(−p2) p2 −B2(−p2)
= i Z(−p2) /p +M(−p
2)
p2 −M2(−p2) ,
where Z(−p2) = 1/A(−p2) stands for the quark
wave function renormalization and M(−p2) =
B(−p2)/A(−p2) is the renormalisation group invariant
running quark mass.
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Using this full expression of the quark propagator, we
obtain the LECs as follows:
mH =
iNc
ZH
∫
d4p
(2pi)4
[
1
p2 −M2 −
M
(p2 −M2)v · p
]
Z,
gH = − iNc
ZH
∫
d4p
(2pi)4
[
M2 + 13p
2
(p2 −M2)2v · p −
2M
(p2 −M2)2
]
Z2,
ZH = iNc
∫
d4p
(2pi)4
[(
− 1
(p2 −M2)v · p −
2M
(p2 −M2)2
)
Z
−2ZM
′(p2 +M2)
(p2 −M2)2 −
2Z ′M
p2 −M2
]
mG =
iNc
ZG
∫
d4p
(2pi)4
[
1
p2 −M2 +
M
(p2 −M2)v · p
]
Z,
gG = − iNc
ZG
∫
d4p
(2pi)4
[
M2 + 13p
2
(p2 −M2)2v · p +
2M
(p2 −M2)2
]
Z2,
ZG = iNc
∫
d4p
(2pi)4
[(
− 1
(p2 −M2)v · p +
2M
(p2 −M2)2
)
Z
+
2ZM ′(p2 +M2)
(p2 −M2)2 +
2Z ′M
p2 −M2
]
,
gHG = −i Nc√
ZHZG
∫
d4p
(2pi)4
[
M2 + p2
(p2 −M2)2v · p
]
Z2. (B1)
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